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Abstract
This work presents a novel methodology for speeding up the assembly of
stiffness matrices for laminate composite 3D structures in the context of iso-
geometric and finite element discretizations. By splitting the involved terms
into their in-plane and out-of-plane contributions, this method computes the
problems’s 3D stiffness matrix as a combination of 2D (in-plane) and 1D
(out-of-plane) integrals. Therefore, the assembly’s computational complex-
ity is reduced to the one of a 2D problem. Additionally, the number of 2D
integrals to be computed becomes independent of the number of material lay-
ers that constitute the laminated composite, it only depends on the number
of different materials used (or different orientations of the same anisotropic
material). Hence, when a high number of layers is present, the proposed
technique reduces by orders of magnitude the computational time required
to create the stiffness matrix with standard methods, being the resulting
matrices identical up to machine precision. The predicted performance is
illustrated through numerical experiments.
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1. Introduction
Laminated composite materials are widely used in the aerospace and au-
tomotive as well as construction industries. Their lightness, strength and
stiffness make them a very appealing solution in multiple situations, and
those are also the reasons behind their continuous spread to many other
consumer goods during the last decades.
Composite laminates are made of stacked material layers, also denoted
as plies, that present different mechanical properties. These laminae are fre-
quently made of stiff reinforcement fibers embedded in a soft matrix material
that glues them together, as it is the case of glass or carbon fiber materials.
The constituent plies are usually stacked in such a way that their main fiber
direction follows different orientations. Classical stack-up sequences are the
0◦/90◦/0◦/90◦/ . . . and 0◦/± 45◦/90◦/ . . . layer setups, in which plies of the
same material are stacked using 2 or 4 different in-plane fiber orientation
angles, respectively (see, e.g., [55]).
Due to this heterogeneous stack of layers, laminated structures present a
quite complex mechanical response when loaded. In order to correctly assess
the possible failure modes it is quite important to characterize precisely the
strain and stress distributions in the different material layers and at their
interfaces. We refer the interested reader to the classical references [32, 41,
54, 64] for a deeper insight on the many mechanical aspects of composite
materials.
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Beyond academic cases for which closed form solutions exist (e.g., [50,
63]), the complexity of the laminates elastic behavior calls for the use of
numerical methods. And, without doubt, the finite element method (FEM)
is nowadays, and has been during the last decades, the most popular tool
for the analysis of their mechanical response. A review of the different finite
element methods available for their study is out of the scope of this paper,
but we refer the interested reader to the numerous reviews on the topic, e.g.
[16–18, 44, 46, 56, 58, 67], and the many references therein.
From that vast literature it is easy to realize that a high percentage of
the published finite element models correspond to 2D plate and shell models
[44, 46, 67]. The two-dimensional FEM models are primarily founded on two
main composite theories: the equivalent single-layer [44, 45] and layerwise
[15, 29, 54] approaches. As discussed in the review [46], layerwise based FEM
models, that present good compromise between accuracy and computational
cost, combine an in-plane 2D FEM discretization with additional degrees
of freedom for describing the displacements and/or transverse stresses of all
the material layers. In these approaches the number of required degrees of
freedom scales linearly with the number of plies.
Similarly, 3D elasticity models are able to accurately reproduce the lam-
inate’s strain and stress profiles by representing each ply with one or more
elements along its thickness. As in the case of layerwise approaches, the
number of degrees of freedom scales linearly with the number of layers, but,
additionally, the computational cost of the matrix assembly is very high com-
pared to 2D models [46]. In this paper we propose a new methodology that
significantly reduces this assembly cost, becoming analogous to the complex-
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ity of a 2D problem and independent of the total number of material layers.
The introduction of the Isogeometric Analysis (IGA) concept by Hughes
et al. in [22, 39] constituted a great success. Based on the high continuity of
spline basis functions and their superior approximation properties compared
to classical finite elements methods [9, 27], IGA has proven to be a powerful
tool for a broad spectrum of applications: from solid mechanics [23, 26, 43] to
fluid dynamics [6, 37] and other fields [13, 35]. This success is also extensive
to the analysis of laminated composites, where different authors proposed
reduced dimension methods for plates, shells and beams [8, 28, 30, 42, 49,
52, 57, 62].
On the other hand, despite their high accuracy, 3D solid IGA models in
which at least one element along the thickness is used for every material ply
[33, 34], present a reduced interest due to their very high computational cost,
as in the case of similar FEM approaches. Even if in practice IGA models are
able to achieve the same level of accuracy as FEM models, but using much
coarser in-plane discretizations, the assembly cost per degree of freedom is
often a major bottleneck. To reduce this cost is a quite active research field
[2–5, 14, 36, 40, 47, 59].
In order to overcome this burden, in [25] we proposed the use of 3D
isogeometric models with a single element through the full thickness. In a
post-processing stage a very high-fidelity stress profile is recovered from the
coarse simulation result. This approach has been recently extended in [51]
to the case of collocation methods. In [25], despite the use of single element
through the thickness, the stiffness matrix assembly cost is still high, due
to the use of layerwise quadrature schemes along the lamina thickness (the
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number of quadrature points scales linearly with the number of layers).
In this work, inspired by the sum-factorization technique [1, 2, 48], we
propose a new method for the assembly of 3D laminated composites for
both finite element and isogeometric methods. Our approach reduces dras-
tically their assembly cost and is very effective for laminated structures that
present many plies with the same configuration repeated along the lami-
nate stack-up sequence (e.g., for 0◦/90◦/0◦/90◦/ . . . and 0◦/ ± 45◦/90◦/ . . .
layer setups). By decomposing the computation of the required 3D integrals
into its in-plane and out-of-plane contributions, the complexity of our as-
sembly procedure scales as the assembly cost of a 2D problem, multiplied by
the number of different ply configurations (for instance, 2 configurations for
0◦/90◦/0◦/90◦/ . . . and 4 for 0◦/ ± 45◦/90◦/ . . . ), being independent of the
total number of laminae.
The computed stiffness matrices with this new technique are identical,
up to machine precision, to the ones obtained using a standard assembly
procedure.
The assembly times obtained with the proposed method are even faster
than the ones achieved with the standard method, using a simplified 3D
model with a single element through the whole lamina’s thickness, and com-
bined with a material homogenization approach (e.g., [61]). In addition, the
homogenization approach would lead to less accurate results.
The rest of this paper is structured as follows. Initially, Galerkin methods
for the analysis of laminate composite structures are introduced in Section
2, using finite element and isogeometric discretizations. The proposed fast
assembly method is presented in Section 3, as well as a discussion of its the-
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oretical computational complexity. In Section 4 numerical experiments that
consider different isogeometric discretizations and laminate configurations il-
lustrate the performance of the proposed method confronted with classical
assembly techniques. Conclusions are drawn in Section 5. Finally, in Ap-
pendix A an alternative implementation that overcomes the use of Voigt’s
notation is detailed.
2. Galerkin methods for 3D laminated composites
In this section we begin by introducing the linear elasticity problem for
3D composite laminates in the context of finite element and isogeometric dis-
cretizations. We initially describe the continuous problem and its notation in
Section 2.1, followed by the family of used discretizations in Section 2.2, that
we particularize, in Section 2.3, to the case of multi-layered materials. Fi-
nally, the stiffness matrix’s computational complexity is discussed in Section
2.4.
2.1. Continuous elasticity problem
Let us start by setting the continuous three-dimensional elasticity prob-
lem in strong form, namely
∇ · σ = f in Ω ,
u = 0 on ∂Ω ,
(1)
where u ∈ R3 is displacement of the elastic body at every point, i.e., the prob-
lem unknown, f ∈ R3 is the applied loading and ε ∈ R3×3 the small strain
tensor, computed as ε(u) = ∇su. For small strains and linear materials the
stress tensor σ ∈ R3×3 is computed as σ = C : ε(u), where C ∈ R3×3×3×3 is
the fourth order elasticity tensor. Without constituting any limitation, and
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for the sake of simplicity, only homogeneous Dirichlet boundary conditions
are considered.
The domain Ω ⊂ R3 occupied by the elastic body is the image of the
parametric domain Ωˆ = [0, 1]3 mapped with F : Ωˆ→ Ω, which we assume to
be a bi-Lipschitz homeomorphism. Thus, a parametric point ξ = (ξ1, ξ2, ξ3)
is mapped into its physical image x as F : ξ ∈ Ωˆ 7→ x ∈ Ω.
In a classical way, considering the functional space V := {u ∈ H1(Ω)3 :
u|∂Ω = 0}, the variational form associated to the strong problem (1) can be
formulated as: find u ∈ V such that:
a(v,u) =
∫
Ω
v · fdx, ∀v ∈ V , (2)
where the bilinear for a : V × V → R is:
a(v, u) =
∫
Ω
ε(v) : C : ε(u)dx . (3)
2.2. Discrete elasticity problem
In order to discretize the strong problem (2), we follow a standard
Galerkin approach and choose a finite dimensional space Vh ⊂ V , such that
Vh = (Vh)
3 and:
Vh = {uˆh ◦ F−1 : uˆh ∈ N(Ωˆh), uˆh|∂Ωˆ = 0} , (4a)
N(Ωˆh) = span
{
Bˆi(ξ), i = 1, . . . , n
}
, (4b)
where Bˆi(ξ) are the space basis functions, n is the space dimension and Ωˆh
is a generic partition of the parametric domain.
Assumption 1. In this work, the basis functions Bˆi(ξ) are chosen such that
Bˆi(ξ) = Sˆis(ξ1, ξ2) Tˆ it(ξ3) , (5)
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with i = (it − 1)ns + is, is = 1, . . . , ns and it = 1, . . . , nt. I.e., the basis
functions Bˆi are created as the combination of ns in-plane functions Sˆ and
nt out-of-plane functions Tˆ . Therefore, the space dimension is n = nsnt.
Finite element spaces composed of Lagrangian hexahedron and wedge el-
ements carry basis functions that fall into the category defined in (5). How-
ever, this is not the case of tetrahedral finite element meshes. We refer the
interested reader to the classical references [11, 19, 38, 68] for further details
on the definition of finite element spaces.
Regarding isogeometric discretizations, the basis functions definition (5)
allows to consider different in-plane discretizations combined with non-
rational B-spline basis functions along the third direction. Thus, standard
B-spline basis functions [22, 39], including NURBS, can be used in-plane,
but also non-tensor product schemes such as HR-splines [31, 65], LR-splines
[12, 24] or T-splines [7, 10].
Thus, based on the above defined finite space Vh, we discretize the trial
u and test v functions of the problem (2) by means of
uh(x) =
n∑
i=1
Bi(x)ui , vh(x) =
n∑
i=1
Bi(x)vi ,
where ui,vi ∈ R3 are their control point coefficients and Bi = Bˆi ◦ F−1.
Plugging them into (3) the bilinear form becomes
a(vh, uh) =
∫
Ω
∇svh(x) : C(x) : ∇suh(x)dx , (6)
that can be expressed as:
a(vh, uh) =
n∑
i,j=1
vi ·Kijuj = v>Ku , (7)
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where K is the problem’s stiffness matrix, u> = [u1>,u2>, . . . ,un>]> and v is
built in the same way as u. Using Voigt’s notation, the matrices Kij ∈ R3×3
can be computed as (see, e.g., [38, 68])
Kij =
∫
Ω
Bi>(x)D(x)Bj(x)dx , (8)
where the strain-displacement matrices Bi ∈ R6×3 are calculated as
Bi>(x) =

∇Bi1(x) 0 0 ∇Bi2(x) ∇Bi3(x) 0
0 ∇Bi2(x) 0 ∇Bi1(x) 0 ∇Bi3(x)
0 0 ∇Bi3(x) 0 ∇Bi1(x) ∇Bi3(x)
 ,
(9)
and ∇Bik(x), for k = {1, 2, 3}, is the k-th component of the gradient vec-
tor ∇Bi(x) ∈ R3. Accordingly, the material matrix D(x) ∈ R6×6, Voigt’s
representation of the C(x), is computed as:
D(x) =

C1111(x) C1122(x) C1133(x) C1112(x) C1113(x) C1123(x)
C2222(x) C2233(x) C2212(x) C2213(x) C2223(x)
C3333(x) C3312(x) C3313(x) C3323(x)
C1212(x) C1213(x) C1223(x)
sym. C1313(x) C1323(x)
C2323(x)

.
(10)
By pulling-back the gradient ∇Bi(x) to the parametric domain through
∇Bˆi = ∇Bi ◦ F , where
∇Bi = DˆF−>∇ˆBˆi , (11)
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Figure 1: Parametrization of a laminate composite structure. Different material layers are
designated with alternated white and gray colors. Red lines refer to the underlying mesh.
it is possible to compute the integral (8) in the parametric domain Ωˆ as:
Kij =
∫
Ωˆ
Bˆ
i>(ξ) Dˆ(ξ) Bˆ
j
(ξ) |DˆF (ξ)| dξ , (12)
where
Bˆ
i>(ξ) =

∇Bˆi1(ξ) 0 0 ∇Bˆi2(ξ) ∇Bˆi3(ξ) 0
0 ∇Bˆi2(ξ) 0 ∇Bˆi1(ξ) 0 ∇Bˆi3(ξ)
0 0 ∇Bˆi3(ξ) 0 ∇Bˆi1(ξ) ∇Bˆi3(ξ)

(13)
and Dˆ is the Voigt’s representation of the pulled-back tensor Cˆ = C ◦ F .
2.3. Geometric structure of laminated composites
Let us now consider the formation of stiffness matrices for 3D laminated
composite structures, that present a multi-layered structure along the shell
thickness, as represented in Figure 1. Here we assume that, as shown in
that figure, the third parametric coordinate ξ3 corresponds to the thickness
direction. Then, the parametric domain Ωˆ = [0, 1]3 ⊂ R3 can be decomposed
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as Ωˆ = ˆ¯Ω×hˆ into its in-plane ˆ¯Ω = [0, 1]2 ⊂ R2 and out-of-plane hˆ = [0, 1] ⊂ R
sub-domains.
Along the thickness direction, m layers are considered, being the coordi-
nates of the layer interfaces {tˆ0, tˆ1, tˆ2, . . . , tˆm}, such that tˆ0 = 0, tˆ1 = 1 and
tˆi+1 > tˆi, for i = 0, 1, . . . ,m − 1. Thus, the parametric domain of a single
layer is defined as
Ωˆi =
ˆ¯Ω× hˆi, for i = 1, . . . ,m , (14)
with hˆi = [tˆi−1, tˆi] and hˆ = hˆ1 ∪ hˆ2 ∪ · · · ∪ hˆm. By an abuse of notation we
construct the image of every layer in the physical domain as Ωi = F (Ωˆi).
While three parametric coordinates ξ = (ξ1, ξ2, ξ3) were used for the
parametric domain Ωˆ, we now split them into the in-plane coordinates ξ¯ =
(ξ1, ξ2) for ˆ¯Ω, and the out-of-plane coordinate ξ3 for hˆ (cf. Figure 1).
Assumption 2. We assume that the map gradient DˆF does not depend on
the third parametric direction, but only on the in-plane ones, i.e. DˆF =
DˆF (ξ¯).
This is a reasonable assumption in the case of 3D shell-like structures,
whose parametrization is frequently created as the extrusion of a 2D freeform
manifold along a constant direction:
F (ξ) = S(ξ¯) + ξ3a , (15)
where S : R2 → R3 is the 2D manifold and a ∈ R3 the extrusion direction.
It is easy to realize in (15) that the gradient DˆF does not depend on ξ3.
We consider, for every layer along the thickness, a different material.
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Thus, a different elasticity tangent tensor Cˆ is associated to every layer:
Cˆ(ξ) =

Cˆ1(ξ) if ξ3 ∈ hˆ1 ,
Cˆ2(ξ) if ξ3 ∈ hˆ2 ,
. . . . . .
Cˆm(ξ) if ξ3 ∈ hˆm .
(16)
Then, for the case of laminated composites, the stiffness matrix (12) can be
computed like:
Kij =
m∑
l=1
∫
Ωˆl
Bˆ
i>(ξ) Dˆl(ξ) Bˆ
j
(ξ) |DˆF (ξ)| dξ , (17)
where Dˆl is the Voigt’s representation of every tensor Cˆl.
2.4. Computational cost of classical stiffness matrix assembly
The standard way of computing the integrals above is to calculate their
contribution element by element, considering only the functions that have
support in every element, and then assembling all of them together. For that
purpose, a quadrature based on the multi-layered structure must be aapplied.
Let us now, for the sake of exposition’s clarity and without constituting
any limitation, assume that the structure’s mesh presents only one element
through the thickness, as sketched in Figure 1. This is the case of “solid
shell” discretizations. Thus, if the basis functions used in the discretization
have degree p along the three parametric directions, we consider an in-plane
quadrature rule with (p+ 1)2 points per element, while, in order to integrate
precisely along the thickness, at least p + 1 quadrature points must be used
for every material layer. Hence, the total number of quadrature points per
in-plane element is m (p+ 1)3. In addition, there are (p+ 1)3 non-vanishing
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basis functions in each element, therefore, the assembly’s computational com-
plexity of every in-plane element is O(mp9) (see [2] for a further discussion).
As it can be seen, the number of quadrature points, and therefore the
computational cost, scales linearly with the number of layers m. When a
high number of layers is considered, the assembly of the stiffness matrix
becomes very expensive in terms of floating point operations.
Remark 1. Even if for exposition purposes we limited our discussion to
the case of a single element through the thickness, the previous result can be
extended in a straightforward manner to the case in which the discretization
has more than one element along the third parametric direction, according to
the Assumption 1. In this case, as long as m (p + 1) quadrature points are
used along the whole laminate’s thickness, independently of the discretization
along the out-of-plane direction, the above complexity’s estimation above is
still valid.
Remark 2. In the case of wedge elements both the number of in-plane ba-
sis functions per element and quadrature points scale as O(p2). While they
present p out-of-plane functions and quadrature points. Therefore, the pre-
vious discussion regarding the method’s complexity is still valid. The same
applies to the complexity results of the proposed fast method in Section 3.1.
In the next section we propose an alternative strategy for assembling the
stiffness matrix. This new methodology presents a lower computational cost
and guarantees its exactness up to machine precision.
3. Fast assembly of stiffness matrices for 3D laminate composite
structures
Let us first introduced the last assumption in which this work relies upon.
Assumption 3. We assume that for every single layer, the material only
presents in-plane variations, and not out of plane. I.e., the tensor Cˆ can be
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expressed as:
Cˆ(ξ) =

Cˆ1(ξ¯) if ξ3 ∈ hˆ1 ,
Cˆ2(ξ¯) if ξ3 ∈ hˆ2 ,
. . . . . .
Cˆm(ξ¯) if ξ3 ∈ hˆm .
(18)
In addition to purely homogeneous material plies, the assumption above
is fulfilled by numerous 3D laminates, as it is the case of some fiber reinforced
plies (e.g., carbon fiber) or honeycomb panels, that can present an heteroge-
nous (and anisotropic) in-plane behavior, but their mechanical properties can
be assumed homogeneous along the ply’s thickness.
We now explicitly introduce the three components of the gradient vectors
∇ˆBˆi present in (11):
∇ˆBˆi(ξ) =

∂Sˆis(ξ1, ξ2)
∂ξ1
Tˆ it(ξ3)
∂Sˆis(ξ1, ξ2)
∂ξ2
Tˆ it(ξ3)
Sˆis(ξ1, ξ2)
∂Tˆ it(ξ3)
∂ξ3
 . (19)
Based on Assumptions 1 and 2, the basis function gradients can be split
in their in-plane and out-of-plane components as:
∇Bˆi(ξ) = DˆF−>(ξ¯)
(
∇ˆVˆ is(ξ¯) Tˆ it(ξ3) + Wˆ is(ξ¯) ∂Tˆ
it(ξ3)
∂ξ3
)
, (20)
where
∇ˆVˆ is(ξ¯) =

∂Sˆis(ξ1, ξ2)
∂ξ1
∂Sˆis(ξ1, ξ2)
∂ξ2
0
 , Wˆ is(ξ¯) =

0
0
Sˆis(ξ¯)
 .
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Then, ∇Bˆi can be expressed as
∇Bˆi(ξ) = ∇Vˆ is(ξ¯) Tˆ it(ξ3) +W is(ξ¯) ∂Tˆ
it(ξ3)
∂ξ3
, (21)
with
∇Vˆ is(ξ¯) = DˆF−>(ξ¯) ∇ˆVˆ is(ξ¯) , (22a)
W is(ξ¯) = DˆF−>(ξ¯) Wˆ is(ξ¯) . (22b)
Thus, the strain-displacement matrix Bˆ
i
in (13) can be also split in its in-
plane and out-of-plane contributions:
Bˆ
i
(ξ) = Bˆ
is
1 (ξ¯) Tˆ
it(ξ3) + Bˆ
is
2 (ξ¯)
∂Tˆ it(ξ3)
∂ξ3
, (23)
where the in-plane matrices Bˆ
is
1 and Bˆ
is
2 are built by substituting the gradient
∇Bˆi(x) in (13) with ∇Vˆ is(ξ¯) and W is(ξ¯), respectively. Hence, considering
Assumptions 2 and 3 and plugging the splitting (23) of Bˆ
i
into the compu-
tation of the stiffness matrix (17), we obtain:
Kij =
m∑
l=1
∫
hˆl
∫
ˆ¯Ω
(
Bˆ
is
1 (ξ¯) Tˆ
it(ξ3) + Bˆ
is
2 (ξ¯)
∂Tˆ it(ξ3)
∂ξ3
)
Dˆl(ξ¯)(
Bˆ
js
1 (ξ¯) Tˆ
jt(ξ3) + Bˆ
js
2 (ξ¯)
∂Tˆ jt(ξ3)
∂ξ3
)
|DˆF (ξ¯)| dξ¯ dξ3 .
(24)
Finally, gathering the in-plane and the out-of-plane terms, the previous ex-
pression can be reformulated as
Kij =
m∑
l=1
(
Pijsl,11Q
ijt
l,11 + P
ijs
l,12Q
ijt
l,12 + P
ijs
l,21Q
ijt
l,21 + P
ijs
l,22Q
ijt
l,22
)
, (25)
where
Pijsl,αβ =
∫
ˆ¯Ω
Bˆ
is
α (ξ¯) Dˆl(ξ¯) Bˆ
js
β (ξ¯) |DˆF (ξ¯)| dξ¯ , for α, β = {1, 2} , (26)
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and:
Qijtl,11 =
∫
hˆl
Tˆ it(ξ3) Tˆ jt(ξ3)dξ3 , (27a)
Qijtl,12 =
∫
hˆl
∂Tˆ it(ξ3)
∂ξ3
Tˆ jt(ξ3)dξ3 , (27b)
Qijtl,21 =
∫
hˆl
Tˆ it(ξ3)
∂Tˆ jt(ξ3)
∂ξ3
dξ3 , (27c)
Qijtl,22 =
∫
hˆl
∂Tˆ it(ξ3)
∂ξ3
∂Tˆ jt(ξ3)
∂ξ3
dξ3 . (27d)
Thus, the 3D integrals involved in the computation of the stiffness matrix
(17) are decomposed in (25) as combinations of 2D (26) and 1D (27) integrals.
It is worth noting that the stiffness matrices computed by applying (25) will
be identical, up to machine precision, to the ones obtained with (17), no
approximation is introduced.
The operators Pijsl,αβ are computed as 2D integrals for every material layer,
however, from layer to layer, only the material term Dˆl changes. Thus, in
the cases in which the same material is used with different orientations, the
matrices Pijsl,αβ are needed to be computed only once for each of them. E.g.,
in the classical cross-ply design in which the same fibered material is stacked
with 0◦/90◦/0◦/90◦/ . . . orientations, the operators Pijsl,αβ will be computed
only for two different layers, one corresponding to the 0◦ orientation, and an-
other one for 90◦. In the also common case of 0◦/±45◦/90◦/ . . . orientations,
the matrices Pijsl,αβ will be computed for four different cases only.
Remark 3. As it is detailed in, e.g., [55, Section 3.3-4], the material matrix
D of an orthotropic material (satisfying the Assumption 3) with a given in-
plane orientation angle θ can be split as:
D = A1 + cos
4 θA2 + cos
3 θ sin θA3 + cos
2 θA4 + cos θ sin θA5 , (28)
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where the matrices Ai ∈ R6×6 only depend on the material properties, but not
on the orientation θ. The same decomposition applies to C.
Therefore, in the frequent case in which the same material is used for the
different layers, but changing its orientation from layer to layer, a maximum
of five different matrices Pijsl,αβ, one for every operator Ai, must be computed.
On the other hand, in Appendix A we propose an alternative way for
computing the Pijsl,αβ matrices without the use of Voigt’s notation.
3.1. Computational cost of fast stiffness matrix assembly
Studying Equations (26) and (27) it is simple to realize that the com-
putational cost of Qijtl,αβ is negligible compared to the cost of P
ijs
l,αβ. In fact,
Qijtl,αβ can be even pre-computed analytically, without the use of a numeri-
cal quadrature. Thus, the complexity of the proposed assembly technique is
bounded by the computational cost of the matrices Pijsl,αβ.
The computation of Pijsl,αβ is carried out by assembling its contribution
for every in-plane element. As before, considering degree p along all the
parametric directions, (p+ 1)2 non-zero in-plane basis functions and (p+ 1)2
in-plane quadrature points must be used in the integration of every single
in-plane element. Therefore, the computational complexity of every matrix
Pijsl,αβ, considering all the involved layers, is O(m¯ p6), where m¯ is the number
of different Dl operators considered in the laminated structure. E.g., m¯ = 2
for the stack design 0◦/90◦/0◦/90◦/ . . . , and m¯ = 4 for 0◦/±45◦/90◦/ . . . . As
stated in the Remark 3, for the common case in which the same anisotropic
material is used, but stacked with different orientations, it holds m¯ ≤ 5.
Thus, the computational complexity of the proposed method is much
smaller than the one of the standard integration procedure: O(m¯ p6) against
O(mp9), with m¯ ≤ m (cf. Section 2.4). Additionally, for a small value m¯
and a high number of layers, it holds m¯ << m, what makes the difference
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between both complexities even higher.
Remark 4. As far as the computational cost of the stiffness matrix assembly
is bounded by the calculation of the 2D operators Pijsl,αβ, the assembly com-
plexity is independent of the number of elements or functions used along the
thickness. Therefore, it is possible to use any degree, number of elements or
continuity for the discretization along thickness at the same computational
cost for the assembly.
This can be useful, for instance, in the case of solid shells discretizations,
where the use of more than one element through the thickness would alleviate
possible locking phenomena.
Moreover, our approach makes the use of 3D models viable: as pointed
out in [46], the assembly burden is one the main obstacles that prevents their
use in the analysis of laminated composites with a large number of laminae.
However, it is worth reminding that other operations, such as the solution of
the linear system of equations, are still dominated by the number of degrees
of freedom and function’s continuity (see, e.g., the discussion in [20, 21] for
isogeometric discretizations).
Remark 5. In the computation of Pijsl,αβ, in Equation (26), it is possible
to apply the sum-factorization technique proposed in [2], that would allow
to reduce the computation complexity to O(m¯ p5). This improvement has not
been detailed in this work for the sake of brevity. By directly applying the sum-
factorization method as described in [2], without splitting the assembly in its
in-plane/out-of-plane contributions, a theoretical computational complexity
O(mp7) is expected.
In addition, considering the weighted-quadrature techniques proposed in
[14, 36] it would be potentially possible to improve, even further, the depen-
dency on p of the computational complexity of Pijsl,αβ in the case of highly
continuous spline basis functions. Another possibility for reducing that cost
would be to apply the low-rank approximations techniques, as proposed in [47]
also in the context of isogeometric analysis.
4. Numerical experiment
In this section we aim at illustrating the performance of the proposed
assembly method (compared to the standard one) by computing the stiffness
matrix associated of the classical Pagano plate problem [50] in the context
of tensor-product isogeometric discretizations. This problem consists in a
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flat rectangular plate composed of a group of stacked layers of the same
linear elastic orthotropic material distributed with different orientations.
The material mechanical properties are: E1 = 25GPa, E2 = E3 = 1GPa,
µ12 = µ13 = 0.2GPa, µ23 = 0.5GPa and ν12 = ν13 = ν23 = 0.25, and the
material layers are stacked in two different configurations, 0◦/90◦/0◦/90◦/ . . .
and 0◦/± 45◦/90◦/ . . . .
The same discretization degree p is used along all the parametric direc-
tions, and different values of p are considered. Regarding the mesh dis-
cretization, different number of elements along the in-plane directions are
considered, while one element through the thickness is used. In all the cases,
non-rational Cp−1 continuous B-splines are used.
All the results shown below were obtained with implementations of the
standard assembly method and the fast one proposed in this work based on
the isogeometric analysis library GeoPDEs version 3.0 [66].
In Figures 2 and 3 the assembly times of the standard method and the
fast one proposed in this work are compared for the 0◦/90◦/0◦/90◦/ . . . con-
figuration. Figure 2 shows the assembly times as a function of the number
of elements along the in-plane direction, for different numbers of materials
and degrees; and, on the other hand, the assembly times as a function of the
number of layers are shown in Figure 3. Analogously, the dependence of the
assembly times respect to the number of layers is shown in Figure 4 for the
0◦/± 45◦/90◦/ . . . configuration and different discretizations.
As it can be seen in Figures 2 to 4, the fast assembly method (solid lines)
outperforms the standard one (dashed lines) for all the degrees, meshes and
number of layers considered. For high degree and large number of layers,
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the proposed method reduces the assembly time of the standard procedure
by more than two orders of magnitude. It is also worth mentioning that the
matrices computed using the standard and fast methods are equal, term by
term, up to machine precision.
As shown in Figures 3 and 4, and explained in Section 3.1, the assembly
time of the standard method scales linearly with the number of layers m,
whereas for the fast method is constant and independent of the number
of layers. The latter being true as far as the number of different material
configurations m¯ is m¯ ≤ m. E.g., as it can be appreciated in Figure 3, for
the 0◦/90◦/0◦/90◦ . . . laminate design (m¯ = 2), the 1 layer case (m = 1) is
faster than the 2 layers case (m = 2): the assembly time initially scales with
the number of layers. Nevertheless, this is no longer true for m > 2, as the
condition m¯ < m holds.
In addition, it is worth mentioning that in Figure 3 the assembly time
for m = 2 is less than twice the time for m = 1. This effect is caused by the
overhead of evaluating basis functions, allocating data structures, etc. For
a single layer this time overhead is not negligible respect to the computing
time for evaluating the matrices Pijsl,αβ. This is even clearer for p = 1 and
p = 2, where the cost of Pijsl,αβ is negligible respect to other costs.
On the other hand, as it can be observed in Figures 3 and 4, for small
number of elements (1 × 1 and 2 × 2 meshes, black and red solid lines,
respectively) the assembly time is not exactly constant: it is initially flat,
but presents a slight increment as the number of layers grows. This is due
to the fact that the constant cost O(m¯ p6) of the computation of the Pijsl,αβ
matrices (for a small number of elements) dominates for a small number of
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layers, whereas, as the number of layers increases, the cost of combining those
matrices for m layers (Equation (25)), with m >> m¯, starts to be dominant.
Finally, we would like to remark that, as highlighted in Section 1, the
proposed method, considering multiple laminae, is even faster than a simpli-
fied 3D model that uses a single layer with homogeneized material properties,
assembled with the standard procedure. The assembly times of the simplified
model are equivalent to the ones obtained for the one layer cases shown in
the numerical experiments (i.e., dashed black lines in Figure 2 and first point
of all dashed lines in Figure 3).
5. Conclusions
In this paper we present a new method for assembling stiffness matrices
of 3D laminate composite structures, in a linear elasticity framework, us-
ing isogeometric and finite element discretizations. This method relies on
three main assumptions: the basis functions can be multiplicatively split
into its in-plane and out-of-plane components; the gradient of the geometric
parametrization map is constant along the thickness direction (as it is the
case of geometries built as extrusion of 2D freeforms); and the mechanical
properties of each material layer can only vary in-plane, and not out-of-plane
(this is the case of many materials, e.g., carbon fiber plies, that present
a 2D in-plane reinforcement, being homogeneous along the ply thickness).
Based on these assumptions, we develop an assembly method in which the
3D stiffness matrix is computed as a combination of 2D and 1D integrals
and that results in a matrix identical, up to machine precision, to the one
obtained using the standard assembly procedure. The theoretical assembly
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Figure 2: Pagano plate problem: 0◦/90◦/0◦/90◦ . . . cross-ply laminated composite. Com-
parison of assembly times between the standard procedure and the fast one proposed in
this work, respect to the number of elements by in-plane direction for different degrees
and numbers of material layers.
22
1 2 4 8 16 32 64
100
101
102
103
Number of material layers m
A
ss
em
bl
y
ti
m
e
[s
]
Standard: 1× 1 elements
Standard: 2× 2 elements
Standard: 8× 8 elements
Standard: 32× 32 elements
(a) p = 1
1 2 4 8 16 32 64
Number of material layers m
Fast: 1× 1 elements
Fast: 2× 2 elements
Fast: 8× 8 elements
Fast: 32× 32 elements
(b) p = 2
1 2 4 8 16 32 64
100
101
102
103
104
105
Number of material layers m
A
ss
em
bl
y
ti
m
e
[s
]
(c) p = 3
1 2 4 8 16 32 64
Number of material layers m
(d) p = 4
Figure 3: Pagano plate problem: 0◦/90◦/0◦/90◦ . . . cross-ply laminated composite. Com-
parison of assembly times between the standard procedure and the fast one proposed in
this work, respect to the number of material layers for different discretizations.
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Figure 4: Pagano plate problem: 0◦/±45◦/90◦/ . . . cross-ply laminated composite. Com-
parison of assembly times between the standard procedure and the fast one proposed in
this work, respect to the number of material layers for different discretizations.
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cost of the proposed method per in-plane element is O(m¯ p6), where p is the
discretization degree and m¯ the number of different material configuratioins
used in the cross-ply laminated composite. m¯ is such that m¯ ≤ m, and in
general it holds m¯ << m, where m is the number of layers in the structure.
Thus, the cost of the proposed method is virtually independent of m. On
the other hand, the standard integration method, in which p+ 1 quadrature
points along the thickness for every material layer are considered, presents a
computational cost per in-plane element O(mp9), that scales linearly with
m.
The performance of the proposed method is illustrated by means of the
classical Pagano plate problem in the context of isogeometric discretizations,
in which we confront the obtained assembly times against the ones obtained
with the standard method. The results show how the proposed method
outperforms the standard one for any considered discretization: for high
values of p andm a difference higher than two orders of magnitude, in terms of
assembly times between both methods, was observed. A further improvement
of the proposed method’s cost, in the context of isogeometric discretizations,
may be achieved by applying weighted-quadrature techniques [14, 36] for the
computation of the involved 2D integrals.
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Appendix A. Fast assembly of stiffness matrices for laminated
composites without using Voigt’s notation
Planas et al. introduced in [53] an alternative methodology for the as-
sembly of stiffness matrices in the context of solid mechanics, denoted as “B
free”, that overcomes the use of Voigt’s notation. Based on that approach,
we detail in this Appendix the construction of the operators Pijsl,αβ defined in
(26) avoiding the use of Voigt’s notation, i.e, without building the material
matrix D (10) and the strain-displacement operators Bˆ
i
(23).
Using the bracket operator • {•, •} : R3×3×3×3×R3×R3 → R3×3 defined
in [53], the stiffness matrix (8) can be computed as
Kij =
∫
Ω
C(x)
{∇Bi(x),∇Bj(x)} dx , (A.1)
where the contraction C(x) {∇Bi(x),∇Bj(x)} ∈ R3×3 is such that the vector
∇Bi is contracted with the second component of C, and ∇Bj with the fourth
one, i.e.:
a · (C{b,d} c) = (a⊗ b) : C : (c⊗ d) . (A.2)
Thus, being {e1, e2, e3} the Cartesian orthonormal basis, the contraction
C {ei, ej} ∈ R3×3 for small strain linear isotropic materials can be computed
as [53]:
C {ei, ej} = λ ei ⊗ ej + µ (ei · ej I + ej ⊗ ei) , (A.3)
where λ and µ are the Lamé coefficients and I ∈ R3×3 is the identity tensor.
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For orthotropic materials the contraction reads:
C {ei, ej} = λ ei ⊗ ej + µ (ei · ej I + ej ⊗ ei)
+ α1a¯1,i ⊗ a¯1,j + α2a¯2,i ⊗ a¯2,j
+ α3 (( ei · a¯1,j + ei · ej )I + ej ⊗ a¯1,i + a¯1,j ⊗ ei)
+ α4 (( ei · a¯2,j + ei · ej )I + ej ⊗ a¯2,i + a¯2,j ⊗ ei)
+ α5 (ei ⊗ a¯1,j + a¯1,i ⊗ ej) + α6 (ei ⊗ a¯2,j + a¯2,i ⊗ ej)
+ α7 (a¯1,i ⊗ a¯2,j + a¯2,i ⊗ a¯1,j) ,
(A.4)
with a¯β,i = (aβ · ei) aβ, where a1 and a2 are the main orthonormal in-plane
material directions, and λ, µ, αk, with k = 1, . . . , 7, are the nine material
coefficients (see, e.g., [60, Section 3.3] for further details).
Let us now write the map gradient DˆF as a function of the covariant
basis {g1, g2, g3}:
DˆF (ξ¯) =
3∑
i=1
ei ⊗ gi(ξ¯) , (A.5)
where the Assumption 2 was considered. In the same way, its inverse DˆF−>
can be expressed as
DˆF−>(ξ¯) =
3∑
i=1
ei ⊗ gi(ξ¯) , (A.6)
where {g1, g2, g3} is the contravariant basis, such that gi·gi = 1 and gi·gj = 0
if i 6= j, for i, j = {1, 2, 3}.
Pulling-back the computation of Kij to the parametric domain, as in
(12), we obtain:
Kij =
∫
Ωˆ
Cˆ(ξ)
{
DˆF−>(ξ¯)∇ˆBˆi(ξ), DˆF−>(ξ¯)∇ˆBˆj(ξ)
}
|DˆF (ξ¯)| dξ , (A.7)
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that can be rewritten as
Kij =
∫
Ωˆ
C˜(ξ)
{
∇ˆBˆi(ξ), ∇ˆBˆj(ξ)
}
|DˆF (ξ¯)| dξ , (A.8)
where C˜ is the pull-back of Cˆ with DˆF−> for the second and fourth compo-
nents.
On the other hand, ∇ˆBˆi can be split according to its Cartesian compo-
nents as (see Assumption 1):
∇ˆBˆi(ξ1, ξ2, ξ3) =∂Sˆ
is(ξ1, ξ2)
∂ξ1
Tˆ it(ξ3) e1 +
∂Sˆis(ξ1, ξ2)
∂ξ2
Tˆ it(ξ3) e2
+ Sˆis(ξ1, ξ2)
∂Tˆ it(ξ3)
∂ξ3
e3 ,
(A.9)
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and the contraction C˜(ξ)
{
∇ˆBˆi(ξ), ∇ˆBˆj(ξ)
}
∈ R3×3 becomes:
C˜(ξ)
{
∇ˆBˆi(ξ), ∇ˆBˆj(ξ)
}
=[
C˜11(ξ)
∂Sˆis(ξ1, ξ2)
∂ξ1
∂Sˆjs(ξ1, ξ2)
∂ξ1
+ C˜12(ξ)
∂Sˆis(ξ1, ξ2)
∂ξ1
∂Sˆjs(ξ1, ξ2)
∂ξ2
+ C˜21(ξ)
∂Sˆis(ξ1, ξ2)
∂ξ2
∂Sˆjs(ξ1, ξ2)
∂ξ1
+C˜22(ξ)
∂Sˆis(ξ1, ξ2)
∂ξ2
∂Sˆjs(ξ1, ξ2)
∂ξ2
]
Tˆ it(ξ3)Tˆ jt(ξ3)
+
[
C˜13(ξ)
∂Sˆis(ξ1, ξ2)
∂ξ1
+ C˜23(ξ)
∂Sˆis(ξ1, ξ2)
∂ξ2
]
Sˆjs(ξ1, ξ2)Tˆ it(ξ3)
∂Tˆ jt(ξ3)
∂ξ3
+
[
C˜31(ξ)
∂Sˆjs(ξ1, ξ2)
∂ξ1
+ C˜32(ξ)
∂Sˆjs(ξ1, ξ2)
∂ξ2
]
Sˆis(ξ1, ξ2)
∂Tˆ it(ξ3)
∂ξ3
Tˆ jt(ξ3)
+ C˜33(ξ)Sˆ
is(ξ1, ξ2)Sˆjs(ξ1, ξ2)
∂Tˆ it(ξ3)
∂ξ3
∂Tˆ jt(ξ3)
∂ξ3
(A.10)
where C˜αβ ∈ R3×3 is
C˜αβ(ξ) =
3∑
i,j=1
Cˆ(ξ) {ei, ej}
(
gi(ξ¯) · eα
) (
gj(ξ¯) · eβ
)
. (A.11)
Finally, substituting (A.10) into (A.8), and including the Assumptions 2
and 3, the stiffness matrix terms can be rearranged in the same way as we
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did for (25), and the Pijsl,αβ matrices (26) become
Pijsl,11 =
∫
ˆ¯Ω
[
C˜11(ξ¯)
∂Sˆis(ξ1, ξ2)
∂ξ1
∂Sˆjs(ξ1, ξ2)
∂ξ1
+ C˜12(ξ¯)
∂Sˆis(ξ1, ξ2)
∂ξ1
∂Sˆjs(ξ1, ξ2)
∂ξ2
+ C˜21(ξ¯)
∂Sˆis(ξ1, ξ2)
∂ξ2
∂Sˆjs(ξ1, ξ2)
∂ξ1
+C˜22(ξ¯)
∂Sˆis(ξ1, ξ2)
∂ξ2
∂Sˆjs(ξ1, ξ2)
∂ξ2
]
|DˆF (ξ¯)| dξ¯ ,
(A.12a)
Pijsl,12 =
∫
ˆ¯Ω
[
C˜13(ξ¯)
∂Sˆis(ξ1, ξ2)
∂ξ1
+ C˜23(ξ¯)
∂Sˆis(ξ1, ξ2)
∂ξ2
]
Sˆjs(ξ1, ξ2) |DˆF (ξ¯)| dξ¯ ,
(A.12b)
Pijsl,21 =
∫
ˆ¯Ω
[
C˜31(ξ¯)
∂Sˆjs(ξ1, ξ2)
∂ξ1
+ C˜32(ξ¯)
∂Sˆjs(ξ1, ξ2)
∂ξ2
]
Sˆis(ξ1, ξ2) |DˆF (ξ¯)| dξ¯ ,
(A.12c)
Pijsl,22 =
∫
ˆ¯Ω
C˜33,l(ξ¯) Sˆ
is(ξ¯) Sˆjs(ξ¯)|DˆF (ξ¯)| dξ¯ . (A.12d)
The terms C˜αβ,l are computed following (A.11) and particularizing Cˆ for
every material layer l, with l = 1, . . . ,m. Therefore, the matrices Pijsl,αβ can
be computed, avoiding the use of Voigt’s notation, by means of in-plane terms
only.
References
[1] M. Ainsworth, G. Andriamaro, and O. Davydov. BernsteinâĂŞBÃľzier
Finite Elements of Arbitrary Order and Optimal Assembly Procedures.
SIAM J. Sci. Comput., 33(6):3087–3109, Jan. 2011.
[2] P. Antolin, A. Buffa, F. CalabrÃš, M. Martinelli, and G. Sangalli. Effi-
cient matrix computation for tensor-product isogeometric analysis: The
30
use of sum factorization. Comput. Methods Appl. Mech. Eng., 285:817–
828, Mar. 2015.
[3] F. Auricchio, F. CalabrÃš, T. J. R. Hughes, A. Reali, and G. San-
galli. A simple algorithm for obtaining nearly optimal quadrature rules
for NURBS-based isogeometric analysis. Comput. Methods Appl. Mech.
Eng., 249-252:15–27, Dec. 2012.
[4] M. BartoÅĹ and V. M. Calo. Optimal quadrature rules for odd-degree
spline spaces and their application to tensor-product-based isogeometric
analysis. Comput. Methods Appl. Mech. Eng., 305:217–240, June 2016.
[5] M. BartoÅĹ and V. M. Calo. GaussâĂŞGalerkin quadrature rules for
quadratic and cubic spline spaces and their application to isogeometric
analysis. Comput. Aided Des., 82:57–67, Jan. 2017.
[6] Y. Bazilevs, V. Calo, J. Cottrell, T. Hughes, A. Reali, and G. Scovazzi.
Variational multiscale residual-based turbulence modeling for large eddy
simulation of incompressible flows. Comput. Methods Appl. Mech. Eng.,
197(1-4):173–201, Dec. 2007.
[7] Y. Bazilevs, V. M. Calo, J. A. Cottrell, J. A. Evans, T. J. R. Hughes,
S. Lipton, M. A. Scott, and T. W. Sederberg. Isogeometric analysis
using T-splines. Comput. Methods Appl. Mech. Eng., 199(5):229–263,
Jan. 2010.
[8] Y. Bazilevs, M.-C. Hsu, J. Kiendl, R. WÃĳchner, and K.-U. Bletzinger.
3D simulation of wind turbine rotors at full scale. Part II: FluidâĂŞstruc-
31
ture interaction modeling with composite blades. Int. J. Numer. Meth-
ods Fluids, 65(1-3):236–253, Oct. 2010.
[9] L. BeirÃčo da Veiga, A. Buffa, J. Rivas, and G. Sangalli. Some estimates
for hâĂŞpâĂŞk-refinement in Isogeometric Analysis. Numer. Math.,
118(2):271–305, June 2011.
[10] L. BeirÃčo Da Veiga, A. Buffa, G. Sangalli, and R. VÃązquez. Analysis-
suitable T-splines of arbitrary degree: definition, linear independence
and approximation properties. Math. Models Methods Appl. Sci.,
23(11):1979–2003, Feb. 2013.
[11] S. Brenner and R. Scott. The Mathematical Theory of Finite Element
Methods. Texts in Applied Mathematics. Springer-Verlag, New York,
3rd edition, Jan. 2008.
[12] A. Bressan. Some properties of LR-splines. Comput. Aided Geom. Des.,
30(8):778–794, Nov. 2013.
[13] A. Buffa, G. Sangalli, and R. VÃązquez. Isogeometric analysis in elec-
tromagnetics: B-splines approximation. Comput. Methods Appl. Mech.
Eng., 199(17):1143–1152, Mar. 2010.
[14] F. CalabrÃš, G. Sangalli, and M. Tani. Fast formation of isogeomet-
ric Galerkin matrices by weighted quadrature. Comput. Methods Appl.
Mech. Eng., 316:606–622, Apr. 2017.
[15] E. Carrera. Multilayered Shell Theories Accounting for Layerwise Mixed
32
Description, Part 1: Governing Equations. AIAA Journal, 37(9):1107–
1116, Sept. 1999.
[16] E. Carrera. Theories and finite elements for multilayered, anisotropic,
composite plates and shells. ARCO, 9(2):87–140, June 2002.
[17] E. Carrera. Theories and Finite Elements for Multilayered Plates and
Shells: A Unified compact formulation with numerical assessment and
benchmarking. ARCO, 10(3):215–296, Sept. 2003.
[18] E. Carrera and S. Brischetto. A Survey with Numerical Assessment
of Classical and Refined Theories for the Analysis of Sandwich Plates.
Appl. Mech. Rev, 62(1):010803–010803–17, Dec. 2008.
[19] P. Ciarlet. The Finite Element Method for Elliptic Problems. Number 40
in Classics in Applied Mathematics. Society for Industrial and Applied
Mathematics, 2 edition, Jan. 2002.
[20] N. Collier, L. Dalcin, D. Pardo, and V. Calo. The Cost of Continuity:
Performance of Iterative Solvers on Isogeometric Finite Elements. SIAM
J. Sci. Comput., 35(2):A767–A784, Jan. 2013.
[21] N. Collier, D. Pardo, L. Dalcin, M. Paszynski, and V. M. Calo. The cost
of continuity: A study of the performance of isogeometric finite elements
using direct solvers. Comput. Methods Appl. Mech. Eng., 213-216:353–
361, Mar. 2012.
[22] J. A. Cottrell, T. J. R. Hughes, and Y. Bazilevs. Isogeometric Analysis:
33
Toward Integration of CAD and FEA. Wiley, Chichester, West Sussex,
U.K. ; Hoboken, NJ, 1 edition, Sept. 2009.
[23] J. A. Cottrell, A. Reali, Y. Bazilevs, and T. J. R. Hughes. Isogeometric
analysis of structural vibrations. Computer Methods in Applied Mechan-
ics and Engineering, 195(41):5257–5296, Aug. 2006.
[24] T. Dokken, T. Lyche, and K. F. Pettersen. Polynomial splines over
locally refined box-partitions. Comput. Aided Geom. Des., 30(3):331–
356, Mar. 2013.
[25] J.-E. Dufour, P. Antolin, G. Sangalli, F. Auricchio, and A. Reali. A cost-
effective isogeometric approach for composite plates based on a stress
recovery procedure. Compos. B Eng., 138:12–18, Apr. 2018.
[26] T. Elguedj, Y. Bazilevs, V. M. Calo, and T. J. R. Hughes. B¯ and
F¯ projection methods for nearly incompressible linear and non-linear
elasticity and plasticity using higher-order NURBS elements. Comput.
Methods Appl. Mech. Eng., 197(33):2732–2762, June 2008.
[27] J. A. Evans, Y. Bazilevs, I. BabuÅąka, and T. J. R. Hughes. n-Widths,
supâĂŞinfs, and optimality ratios for the k-version of the isogeometric fi-
nite element method. Comput. Methods Appl. Mech. Eng., 198(21):1726–
1741, May 2009.
[28] A. Farzam and B. Hassani. A new efficient shear deformation theory for
FG plates with in-plane and through-thickness stiffness variations using
isogeometric approach. Mech. Adv. Mater. Struc., 0(0):14–14, Jan. 2018.
34
[29] A. J. M. Ferreira. Analysis of Composite Plates Using a Layerwise
Theory and Multiquadrics Discretization. Mech. Adv. Mater. Struc.,
12(2):99–112, Mar. 2005.
[30] E. Ghafari and J. Rezaeepazhand. Isogeometric analysis of shear re-
fined delaminated composite beams using dimensionally reduced beam
sectional analysis. Compos. Struct., 210:858–868, Feb. 2019.
[31] C. Giannelli, B. JÃĳttler, and H. Speleers. THB-splines: The truncated
basis for hierarchical splines. Comput. Aided Geom. Des., 29(7):485–498,
Oct. 2012.
[32] R. F. Gibson. Principles of Composite Material Mechanics. CRC Press,
4 edition, Feb. 2016.
[33] Y. Guo, A. P. Nagy, and Z. GÃĳrdal. A layerwise theory for laminated
composites in the framework of isogeometric analysis. Compos. Struct.,
107:447–457, Jan. 2014.
[34] Y. Guo and M. Ruess. A layerwise isogeometric approach for NURBS-
derived laminate composite shells. Compos. Struct., 124:300–309, June
2015.
[35] H. GÃşmez, V. M. Calo, Y. Bazilevs, and T. J. R. Hughes. Isogeometric
analysis of the CahnâĂŞHilliard phase-field model. Comput. Methods
Appl. Mech. Eng., 197(49):4333–4352, Sept. 2008.
[36] R. R. Hiemstra, G. Sangalli, M. Tani, F. CalabrÃš, and T. J. R. Hughes.
35
Fast Formation and Assembly of Finite Element Matrices with Applica-
tion to Isogeometric Linear Elasticity. ICES Report 19-03, 2019.
[37] M.-C. Hsu, D. Kamensky, F. Xu, J. Kiendl, C. Wang, M. C. H. Wu,
J. Mineroff, A. Reali, Y. Bazilevs, and M. S. Sacks. Dynamic and flu-
idâĂŞstructure interaction simulations of bioprosthetic heart valves us-
ing parametric design with T-splines and Fung-type material models.
Comput. Mech., 55(6):1211–1225, June 2015.
[38] T. J. R. Hughes. The Finite Element Method. Linear Static and Dy-
namic Finite Element Analysis. Prentice-Hall, Inc., Englewood Cliffs,
New Jersey, 1987.
[39] T. J. R. Hughes, J. A. Cottrell, and Y. Bazilevs. Isogeometric analysis:
CAD, finite elements, NURBS, exact geometry and mesh refinement.
Comput. Methods Appl. Mech. Eng., 194(39):4135–4195, Oct. 2005.
[40] T. J. R. Hughes, A. Reali, and G. Sangalli. Efficient quadrature for
NURBS-based isogeometric analysis. Comput. Methods Appl. Mech.
Eng., 199(5):301–313, Jan. 2010.
[41] R. M. Jones. Mechanics Of Composite Materials. CRC Press, 2nd
edition, Oct. 2018.
[42] H. Kapoor, R. K. Kapania, and S. R. Soni. Interlaminar stress calcu-
lation in composite and sandwich plates in NURBS Isogeometric finite
element analysis. Compos. Struct., 106:537–548, Dec. 2013.
[43] J. Kiendl, K. U. Bletzinger, J. Linhard, and R. WÃĳchner. Isogeometric
36
shell analysis with KirchhoffâĂŞLove elements. Comput. Methods Appl.
Mech. Eng., 198(49):3902–3914, Nov. 2009.
[44] I. Kreja. A literature review on computational models for laminated
composite and sandwich panels. Cent. Eur. J. Eng, 1(1):59–80, Mar.
2011.
[45] P. Kulkarni, A. Dhoble, and P. Padole. A review of research and recent
trends in analysis of composite plates. SÄĄdhanÄĄ, 43(6):96, June
2018.
[46] K. M. Liew, Z. Z. Pan, and L. W. Zhang. An overview of layerwise
theories for composite laminates and structures: Development, numeri-
cal implementation and application. Compos. Struct., 216:240–259, May
2019.
[47] A. Mantzaflaris, B. JÃĳttler, B. N. Khoromskij, and U. Langer. Low
rank tensor methods in Galerkin-based isogeometric analysis. Comput.
Methods Appl. Mech. Eng., 316:1062–1085, Apr. 2017.
[48] J. M. Melenk, K. Gerdes, and C. Schwab. Fully discrete hp-finite
elements: fast quadrature. Comput. Methods Appl. Mech. Eng.,
190(32):4339–4364, May 2001.
[49] H. Nguyen-Xuan, C. H. Thai, and T. Nguyen-Thoi. Isogeometric finite
element analysis of composite sandwich plates using a higher order shear
deformation theory. Compos. B Eng., 55:558–574, Dec. 2013.
37
[50] N. Pagano. Exact Solutions for Rectangular Bidirectional Composites
and Sandwich Plates. J. Compos. Mater., 4(1):20–34, Jan. 1970.
[51] A. Patton, J.-E. Dufour, P. Antolin, and A. Reali. Fast and ac-
curate elastic analysis of laminated composite plates via isogeomet-
ric collocation and an equilibrium-based stress recovery approach.
arXiv:1901.08797 [math], Jan. 2019. arXiv: 1901.08797.
[52] G. S. Pavan and K. S. Nanjunda Rao. Bending analysis of lami-
nated composite plates using isogeometric collocation method. Compos.
Struct., 176:715–728, Sept. 2017.
[53] J. Planas, I. Romero, and J. M. Sancho. B free. Comput. Methods Appl.
Mech. Eng., 217-220:226–235, Apr. 2012.
[54] J. N. Reddy. Mechanics of Laminated Composite Plates and Shells:
Theory and Analysis. CRC Press, 2nd edition, June 2004.
[55] J. N. Reddy and A. Miravete. Practical Analysis of Composite Lami-
nates. CRC Press, Boca Raton, Florida, 1st edition, Sept. 1995.
[56] J. N. Reddy and D. H. Robbins. Theories and Computational Models
for Composite Laminates. Appl. Mech. Rev, 47(6):147–169, June 1994.
[57] J. J. C. Remmers, C. V. Verhoosel, and R. de Borst. Isogeometric anal-
ysis for modelling of failure in advanced composite materials. In P. P.
Camanho and S. R. Hallett, editors, Numerical Modelling of Failure in
Advanced Composite Materials, Woodhead Publishing Series in Com-
38
posites Science and Engineering, pages 309–329. Woodhead Publishing,
Chapter 11, Jan. 2015.
[58] M. S Qatu, E. Asadi, and W. Wang. Review of Recent Literature
on Static Analyses of Composite Shells: 2000-2010. Open J. Compos.
Mater., 2:61, Jan. 2012.
[59] D. Schillinger, S. J. Hossain, and T. J. R. Hughes. Reduced BÃľzier
element quadrature rules for quadratic and cubic splines in isogeometric
analysis. Comput. Methods Appl. Mech. Eng., 277:1–45, Aug. 2014.
[60] J. SchrÃűder, F. Gruttmann, and J. LÃűblein. A simple orthotropic
finite elastoâĂŞplasticity model based on generalized stressâĂŞstrain
measures. Comput. Mech., 30(1):48–64, Dec. 2002.
[61] C. Sun and S. Li. Three-Dimensional Effective Elastic Constants for
Thick Laminates. Journal of Composite Materials, 22(7):629–639, July
1988.
[62] C. H. Thai, H. Nguyen-Xuan, S. P. A. Bordas, N. Nguyen-Thanh, and
T. Rabczuk. Isogeometric Analysis of Laminated Composite Plates Us-
ing the Higher-Order Shear Deformation Theory. Mech. Adv. Mater.
Struc., 22(6):451–469, June 2015.
[63] T. K. Varadan and K. Bhaskar. Bending of laminated orthotropic cylin-
drical shellsâĂŤAn elasticity approach. Compos. Struct., 17(2):141–156,
Jan. 1991.
39
[64] J. R. Vinson and R. L. Sierakowski. The Behavior of Structures Com-
posed of Composite Materials. Solid Mechanics and Its Applications.
Kluwer Academic Publishers, 2nd edition, 2004.
[65] A. V. Vuong, C. Giannelli, B. JÃĳttler, and B. Simeon. A hierarchical
approach to adaptive local refinement in isogeometric analysis. Comput.
Methods Appl. Mech. Eng., 200(49):3554–3567, Dec. 2011.
[66] R. VÃązquez. A new design for the implementation of isogeometric
analysis in Octave and Matlab: GeoPDEs 3.0. Comput. Math. Appl.,
72(3):523–554, Aug. 2016.
[67] Y. X. Zhang and C. H. Yang. Recent developments in finite element
analysis for laminated composite plates. Compos. Struct., 88(1):147–
157, Mar. 2009.
[68] O. C. Zienkiewicz, R. L. Taylor, and J. Z. Zhu. The Finite Element
Method: Its Basis and Fundamentals. Butterworth-Heinemann, Ams-
terdam, 7th edition, Sept. 2013.
40
